A NOTE ON r„-ISOMETRIES 



SHIBANANDA BISWAS AND SUBRATA SHYAM ROY 

Abstract. In this note we characterize the distinguished boundary of the symmetrized polydisc 
and thereby develop a model theory for r„-isometries along the lines of [T]. We further prove that 
for invariant subspaces of r n -isometries, similar to the case n = 2 |, Beurling-Lax-Halmos type 
representation holds. 



1. Introduction 

We denote by B and B the open and closed unit discs in the complex plane C. Let Sj, i > 0, be 
the elementary symmetric function in n variables of degree i, that is, s, is the sum of all products 
of i distinct variables Z{ so that so = 1 and 

Si{z±, . . . , Z n ) = ^ ^ z k\ ' ' ' Zki- 

l<k 1 <k 2 <...<k i <n 

For n > 1, let s : C n — > C n be the function of symmetrization given by the formula 

s(zi, ...,Zn) = (si(zi, . . . ,z n ), . . .,s n (z 1 , z n )). 

The image '. — s(B ) under the map s of the unit n-pofydisc is known as the symmetrized n-disc. 
The map s is a proper holomorphic map [8]. 

Following pQ, any commuting n-tuple of operators having T n as a spectral set will be called a r n - 
contraction. Many of the fundamental results in the theory of contractions have close parallels for 
r2-contractions as shown in [Tj. In this paper we investigate properties of r n -contarctions and we 
give a model for r n -isometries. As an application, we prove a Beurling-Lax-Halmos type theorem 
characterizing joint invariant subspaces of a pure r n -isometry. We also indicate how to construct 
a large class of examples of r n -contractions. 

Although a r2-contraction can be obtained by symmetrizing any pair of commuting contractions 
P], it is no longer true that the symmetrization of any n-tuple of commuting contractions will 
necessarily give rise to a r n -contraction, if n > 2 (see Remark 12. 121) . In fact, the symmetrization 
of an n-tuple of commuting contractions (Ti, . . . , T n ) is a r n -contraction if and only if (Ti, . . . , T n ) 
satisfies the analogue of von Neumann's inequality for all symmetric polynomials in n variables (see 
Proposition 12.13]) . However, it is shown in [TJ Examples 1.7 and 2.3] that not all r2-contractions 
are obtained in this way. 

We usually denote a typical point of T n by (si, . . . , s n ). We shall also use the notation (Si, . . . , S n ) 
for an n-tuple of commuting operators associated in some way with T n . In this paper an operator will 
always be a bounded linear operator on a Hilbert space. The polynomial ring in n variables over the 
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field of complex numbers is denoted by C[zi, . . . , z n ]. Consider a commuting ra-tuple (Si, . . . ,S n ) of 
operators. We say that T n is a spectral set for (Si, . . . , S n ), or that (Si, . . . , S n ) is a T n - contraction, 
if, for every polynomial p G . . . , Zn\i 

(1-1) ||p(Si,...,S n )|| < sup \ P (z)\ = ||p|U,r n . 

zev„ 

Furthermore, T n is said to be a complete spectral set for (Si,...,S n ), or (Si,...,S n ) to be a 
complete T n - contraction, if, for every matricial polynomial p in n variables, 

||p(Si,...,S n )|| < sup ||p(z)||. 

zer„ 

Here, if S\, . . . , S n act on a Hilbert space "K and the matricial polynomial p is given by p = \pij\ of 
order mxl, where each pij is a scalar polynomial, then p(Si, . . . , S n ) denotes the operator from Ji 1 
to 3f m with block matrix [py(Si, . . . , S n )]. It is a deep result [U Theorem 1.5] that a r n -contraction 
is always a complete r n -contraction and vice versa, for n = 2. It is not clear whether a similar result 
is true for n > 2. This will be considered in a future work. 

We denote the unit circle by T. The distinguished boundary of T n , denoted by &r n , defined to 
be the Silov boundary of the algebra of functions which are continuous on T n and analytic on the 
interior of T n , is s(T n ) [31 Lemma 8]. We shall use some spaces of vector- valued and operator-valued 
functions. We recall them following [T]. Let £ be a separable Hilbert space. We denote by £(£) 
the space of operators on £, with the operator norm. Let H 2 (t) denote the usual Hardy space 
of analytic £-valued functions on D and L 2 (t) the Hilbert space of square integrable £-valued 
functions on T, with their natural inner products. Let H°°L(S,) denote the space of bounded 
analytic £(£)-valued functions on B and L°°£(£) the space of bounded measurable £(£)-valued 
functions on T, each with appropriate version of the supremum norm. For ip G L°°£(£) we denote 
by T v the Toeplitz operator with symbol (p, given by 

T v f = P+(<pf), f£H 2 (E), 

where P+ : i 2 (£) — > H 2 (E.) is the orthogonal projection. In particular T z is the unilateral shift 
operator on H 2 (E.) (the identity function on T will be denoted by z) and Tj is the backward shift 
on # 2 (£). 

The symmetrization map s is a proper holomorphic map, B ' = s- 1 ^) = s" i (s(B )) and B 
is polynomially convex. Therefore, s(B ) = T n is polynomially convex by [10\ Theorem 1.6.24]. 
Although we have defined r n -contractions by requiring that the inequality (jl.ip holds for all poly- 
nomials p in C[zi, . . . , z n ], this is equivalent to the definition of r n -contractions by requiring (ll.ip 
to hold for all functions p analytic in a neighbourhood of T n due to polynomial convexity of T n as 
explained in pQ. As discussed in [I], the subtleties surrounding the various notions of joint spectrum 
and functional calculus for commuting tuples of operators are not relevant to this paper, simply 
because of the polynomial convexity of T n . 

2. T n AND r n - CONTRACTIONS 

Note that (si, . . . , s n ) G T n if and only if all the zeros of the polynomial XT=o( — ^) n ~ % s n-iZ l lie 
in B. This realization of points of T n will be used repeatedly. We state two theorems about location 
of zeros of polynomials which will be useful in the sequel. For a polynomial p G C[z], the derivative 
of p with respect to z will be denoted by p'. 
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Theorem 2.1. (Gauss-Lucas, page. 22]) The zeros of the derivative of a polynomial p lie in 
the convex hull of the zeros of p. 

We recall a definition. 

Definition 2.2. A polynomial p £ C[z] of degree d is called self-inversive if = ujp(z) for 

some constant w G C with [cj| = 1. 

Theorem 2.3. (Cohn, [BJ page, 206],) ^4 necessary and sufficient condition for all the zeros of a 
polynomial p to lie on the unit circle T is that p is self-inversive and all the zeros of p' lie in the 
closed unit disc ID). 

We shall need characterizations of the distinghuished boundary of T n . 

Theorem 2.4. Let s, £ C, i = 1, . . . , n. The following are equivalent: 

(i) (si, . . . , s n ) is in the distinguished boundary ofT^ n j 

(ii) \s n \ = 1, s n Sj = s n _j and (71S1, . . . ,7 n -is n -i) G r n _i, where ji = for i = 1, ... ,n - 1; 
(hi) (si, . . . , s n ) £ T n and \s n \ = 1. 

Proof. Throughout this proof, we put sq = 1. Let (s%, . . . , s n ) be in the distinguished boundary of 
T n . By definition, there are Aj £ T such that 

(2.1) Sj = A fel . . . X ki for i = 1, . . . , n. 

l<ki<...<ki<n 

This is equivalent to the fact that the polynomial p, given by 

n 

(2.2) p{z) = Y^i-lT^Sn-iZ* 

i=0 

has all its zeros on T. Moreover, we clearly have \s n \ = 1, s n Si = s n _j for i = 1, . . . , n — 1. It follows 
from Theorem 12.31 that the polynomial 

n 

(2.3) p>{z)=Y J (-V n - l iSn-rZ i - 1 

i=l 

has all its roots in D, which is equivalent to the fact that (71S1, . . . , 7„_is„_i) € where 
7i = for j = 1, . . . ,n — 1. Therefore (i) implies (ii). 

Conversely, considering the polynomial in Equation (|2.2|) . we observe that 

* n pQ) =E(- 1 )^ and (-l)"Sn^>(|) 

by the hrst part of (ii). Therefore p is a self-inversive polynomial. Note that all the roots of p' 
lies in D as (71S1, . . . ,7 n -iSn-i) S r n _i, where 7^ = for i = l,...,n — 1. Thus, it follows 
from Theorem 12.31 that p has all its roots on T. This is same as saying that (s±, . . . ,s n ) is in the 
distinguished boundary of T n . 

Clearly, (i) implies (iii). To see the converse, we note that (iii) implies that there exist Aj £ 
D, i = 1, . . . , n, such that (12. 1|) holds and \s n \ = \X\\ . . . |A n | = 1. So Aj £ T for ah % = 1, . . . , n. It 
follows from the definition and (12. ip that (si, . . . , s n ) is in the distinguished boundary of T n . □ 
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Remark 2.5. From the Lemma above, similar to the part (4) of [21 Theorem 1.3], one can give ex- 
pressions for Sj-'s, j = 1, . . . , n. Clearly, s n = Ai . . . X n = e %e for some 9 in R. So X n = e ie Xi . . . X n -\- 
Since 

sj = ^2 • • • X kj with \Xj\ = 1 

l<fci<fc 2 <...<fcj<n 

for j = 1, . . . , n, we have 

l<ki<k2<...<kj<n 

where 

Mi = X! A fcl • • • Ajy . 

l<fci<fe 2 <...<fcj<n— 1 

Since A n = e lS X\ . . . A n _i we obtain 

s j = H + Vj-ie l9 Xi ■ ■ • A n _i = fj,j + /Xj_i/i n _ie te = ^ + n n -je l9 , 
since (//i, . . . ,/i n -l) G i>r n _i, /2 n _i/xj_i = //„_.,•, j = 1, . . . , re - 1. 

Lemma 2.6. If (si, . . . , s n ) G T n , i/ien (71^1, . . . ,7 n _is n _i) € IV- 1, w/iere ^ = ^ for i = 
l,...,n- 1. 

Proof. The hypothesis is equivalent to the fact that the polynomial = X^r=o( — ^) n ~ % s n-iZ l , has 
all its roots in the closed unit disc B. It follows from Theorem 12.11 that the polynomial p'(z) = 
Y^i=\{—]-) n ~ l iSn-iZ has all its roots in the closed unit disc as well. Hence we have the desired 
conclusion. □ 

Remark 2.7. Considering the map it : C n — > C n_1 defined by tt(zi, . . . , z n ) = (71-21, • • • , j n -iz n -i) 
the above Lemma can be restated as 7r(T n ) C r n _i. 

Lemma 2.8. If (Si, . . . , S n ) is a T n - contraction, then (71 Si, ■ ■ ■ , 7 n _i<S' n _i) is a Y ' n -i- contraction, 
where 7$ = /or i = 1, . . . , n — 1. 

Proof. For p G C[zi, . . . £ n -i], we n °te that p o 7r G C[zi, ...,%] and by hypothesis 
||p(7i<S'i,...,7n-i5 , n _i)|| = ||po7r(5i,... ,5 n )|| 

< ||p°vr||oo,r„ 
= lblloo )7 r(r n ) < ||p|| 00 ,r n _i. 

This completes the proof. □ 

Lemma 2.9. // (si, . . . , s n ) G T n , i/ien (a + s±, asi + 82, . ■ . , asn-i + s n , as n ) G r n+ i /or aZZ a in 
D. 

Proof. If (si,...,s n ) G T n , then it follows from the definition of T n that there are A& G B, k = 
1, ... ,n such that 

Sj = 2J A fel • • • A fci ,i = 1, . . . ,n. 

I<fci<fe2<...<fei<n 

If a(:= A n+ i) G B, then (s"i, . . . , s n+i ) G r n+ i, where 

$i= ^2 A fcl • • • A fci ,i = 1, . . . ,n + 1. 

I<fci<fe2<...<fei<n+1 
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Putting so = 1 and s n+ i = 0, we note that s"j = asj_i + Sj, i = 1, . . . ,n + 1. Therefore we have the 
desired conclusion. □ 

Remark 2.10. For any a € C, considering the one-to-one map ir a : C n — C n+1 defined by 

ir a (zi,. . . ,z n ) = (a + zi,azi + z 2 , ■ ■ ■ , az n -\ + z n ,az n ), 

the above Lemma can be restated as ir a (T n ) C r n+ i for all a € D. 

Lemma 2.11. Lei (Si, . . . , 5 n ) 6e a V n - contraction, then {a + S\, aS\ + S 2 , • • • , aS n —i + S n , a5 n ) 
is a r n+ i- contraction for all a in D. 

Proof. For p G C[zi, . . . , 2n+l], we observe that p o n a € C[zi, . . . , z n ], so by hypothesis we have 

\\p(a + 5i,a5i + S 2 , ■ ■ ■ ,aS n -x + S n ,aS n )\\ 
= \\poir a (S 1 ,...,S n )\\ 

< \\p O 7Ta||oo,r n 

— l|p|loO,7Ta(r n ) 

< ||p||oo,r n+1 - 

Hence the proof. □ 

For an n-tuple T = (T\, . . . ,T n ) of commuting operators on a Hilbert space 'K, let s(T) := 
(si(T), . . . , s ra (T)), we call s(T), the symmetrization of T. A polynomial p £ C[z±, . . . , z n ] is called 
symmetric if p(z a ) := p(z CT (i), . . . , z a t n )) = P( z ) f° r an z £ C n and er G E n , where S n is the 
symmetric group on n symbols. If p £ C[zi,...,z n ] is symmetric, then there is a unique q € 
C[zi, . . . , Zn] such that p = q o s, where s is the symmetrization map [H Theorem 3.3.1]. 

Remark 2.12. One may be tempted to conjecture that Lemma above is true when a is replaced 
by a contraction operator T which commutes with all the S^'s, i = 1, . . . , n. However, this is no 
longer true. We take n = 2 and give an example of a r2-contraction (Si, £2) and a contraction T 
such that (T + Si,TSi + £2, ^£2) is not a r3-contr action. Let (Al, ^2, -A3) be a tuple of commuting 
contractions as in Kaijser-Varopoulos Example 5.7]. We take Si = A\ + A 2 , S 2 = A\A 2 and 
T = A3. Clearly, (Si,S 2 ) = (Ai + A 2 ,AiA 2 ) is a r2-contraction due to Ando's inequality. But 
(T + Si,TSi + S 2 , TS 2 ) = s(Ai , A 2 , A3) is not a r3-contraction due to the failure of von Neumann's 
inequality for more than two commuting contractions. Consider the symmetric polynomial 

p(zi, z 2 , z 3 ) =zl + zl + zl~ 2ziz 2 - 2z 2 z 3 - 2z 3 z ± 

in [TJ Example 5.7]. Taking q to be the polynomial in 3-variables such that q o s = p, where s is the 
symmetrization map, one observes that T3 cannot be a spectral set for s(Ai, A 2 , A 3 ). 

Proposition 2.13. The symmetrization of an n-tuple of commuting contractions (Ti, . . . , T n ) is a 
r n - contraction if and only if (Ti, . . . , T n ) satisfies the analogue of von Neumann's inequality for all 
symmetric polynomials in C[zi, . . . , z n ]. 

Proof. Let T = (Ti,...,T n ) be a commuting ?i-tuple of contractions satisfying the analogue of 
von Neumann's inequality for all symmetric polynomials (C[zi, . . . , z n ]. We show that s(T) = 
(si(T), . . . , s n (T)) is a r n -contraction. For a polynomial p G C[zi, . . . , z n ], we note that 

lb( s l(T), . . ■ , s n (T))|| = ||pos(T)|| < bestir = IHIoo.sd"), 
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since p o s is a symmetric polynomial, the above inequality holds by hypothesis, and it shows that 
r n = s(D") is a spectral set for (si(T), . . . , s n (T)). 

Conversely, let T = (Ti, . . . ,T n ) be a tuple of commuting contractions such that s(T) is a r n - 
contraction and q G C[z\, . . . , z n ] be symmetric. So there is a p G C[zi, . . . , z n ] such that pos = q. 
By hypothesis, we have 

lk(T)|| = ||p(s(T))|| < |b||oc,r„ = l|p°s|L, 5 " = IkIL,!"- 

□ 

Next, we give a straightforward generalization of the Lemma 3.2 in [2J. 

Proposition 2.14. Let T = (Ti,...,T n ) 6e a commuting n-tuple of contractions on a Hilbert 
space "K satisfying the analogue of von Neumann's inequality for all symmetric polynomials in 
C[zi, . . . ,z n ]. Let M. be an invariant subspace for Sj(T), i = 1, . . . , n. Then (si(T)|m, ■ ■ ■ , s n (T)|;M) 
is a T n - contraction on the Hilbert space M. 

Proof. For a polynomial p G C[zi, . . . , z n ], we note that 

||p( Sl (T)| M ,..., Sn (T)| M )|| = ||p( Sl (T),..., Sn (T))| M || 

< ||p( Sl (T),..., Sn (T))|| 

< l|p||oo,r n , 

since s(T) = (si(T), . . . , s n (T)) is a r n -contraction on IK, the last inequality holds by the previous 
Proposition. Hence we have the desired conclusion. □ 

Remark 2.15. 

1. It is clear from the proof of the Proposition above that if (Si, . . . , S n ) is a T^-contraction 
on a Hilbert space !K and M is a common invariant subspace for Si,i = l,...,re, then 
(Siljvti • • • i Snljvt) i s a Tn-contraction on M. 

2. As an immediate consequence of Proposition 12.13] we observe that the symmetrizations of 
the classes of n-tuples of commuting contractions discussed in [5] give rise to a large class 
of r n -contractions. 

3. It is shown in [2] that applying the Lemma 3.2, a large class of r2-contractions can be 
constructed. In an analogous way, examples of r n -contractions can be constructed for any 
integer n > 2 applying Proposition 12.141 

4. From Theorem 3.2 in [T], it is clear that all r2-contractions are obtained by applying the 
Lemma 3.2 in [2] as described in the same paper . However, for n > 3, it is not clear 
whether all r n -contractions have similar realizations. 

3. r n -UNITARY AND r„-ISOMETRIES 

We start with the following obvious generalizations of definitions in [T] . 

Definition 3.1. Let S\,...,S n be commuting operators on a Hilbert space "K. We say that 
(Si,...,S n ) is 

(i) a T n -unitary if Si, i = 1, . . . , n are normal operators and the joint spectrum a(Si, . . . , S n ) 
of (Si, . . . , S n ) is contained in the distinguished boundary of T n . 

(ii) a T n -isometry if there exists a Hilbert space % containing and a r n -unitary (Si, . . . , S n ) 
on % such that "K is invariant for Si,i = 1, . . . , n and Si = Si\%, i = 1, . . . ,n. 
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(iii) a T n -co-isometry if (S*, . . . , S*) is a T-isometry. 

(iv) a pure F n -isometry if (Si, . . . , S n ) is a r n -isometry and S n is a pure isometry. 

The proof of the following theorem works along the lines of Agler and YoungpQ. 

Theorem 3.2. Let Si, i = 1, . . . , n, be commuting operators on a Hilbert space "K. The following 
are equivalent: 

(i) (Si, . . . , S„) is a T n -unitary; 

(ii) S*S n = I = S n S*, S*Sj = S*_j and (71 Si, . . . ,7 n _iS n _i) is a T n _i- contraction, where 

7i = ^ f° r i = l,-..,n- 1; 

(iii) t/iere era'si commuting unitary operators Ui for i = 1, . . . , n on !K swc/i i/ia£ 

Sj = ^ C/fci • • • U ki for i = 1, . . . , n. 

l<fci<...<fci<n 

Proof. Suppose (i) holds. Let (Si, . . . , S n ) be a r n -unitary. By the spectral theorem for commuting 
normal operators, there exists a spectral measure M(-) on o~(Si, . . . , S n ) such that 

Si= Si(z)M(dz), i = 1, . . . ,n, 

Jo-(Si,...,S n ) 

where s±,...,s n are the co-ordinate functions on C n . Let r be a measurable right inverse of the 
restriction of s to T n , so that r maps distinguished boundary of T n to T n . Let r = (ri, . . . , r n ) and 

Ui = / Ti(z)M(dz), i = 1, ... ,n. 

j(j(5i,...,S„) 

Clearly Ui, . . . ,U n are commuting unitaries on J{ and 

U kl ...U ki = J2 ! r kl (z)...r ki (z)M(dz) 

l<k 1 <...<k i <n l<fci<...<fci<n " , °"(5'i,.--,S'„) 

= f Si {z)M{dz) 

Ja(Sl,...,Sn) 

= Si, 

for i = 1, ... ,n. Hence (i) implies (iii). 

Suppose (iii) holds. Then S*S n = I = S n S* and S*Sj = S*_j, i = 1, . . . , n follow immediately. 
Moreover, since (Si, . . . , S n ) is a T n -contraction, we have from Lemma l!E8l that (71 Si, . . . , 7„_iS n _i) 
is a r n _i-contraction, where 7^ = for i = 1, . . . , n — 1. Hence (iii) implies (ii). 

Suppose (ii) holds. Since S n is normal, by Fuglede's theorem S*_jS n _j = S*SiS*S n = SjS*. Now 
as Si's commute, S*_jS n _j = S*SjS n _j = S*S n _jSj = S*Si and we have each of Si, i = 1, . . . , n is 
normal. So the unital C*-algebra C*(Si, . . . , S n ) generated by Si, . . . , S n is commutative and by 
Gelfand-Naimark's theorem is *-isometrically isomorphic to C(<r(Si, . . . , S n )). Let Si, . . . , S n be the 
images of Si, . . . , S n under the Gelfand map. By definition, for an arbitrary point z = (s\, , . . . , s n ) 
in <t(Si, . . . , S n ), Si(z) = Si for i = 1, . . . , n. By properties of the Gelfand map and hypothesis we 
have, 

S n (z)S n (z) = 1 = S n (z)S n (z) and S n {z)Si{z) = J~(z) for z in a(S u S n ). 
Thus we obtain |s n | = l,s n Si = s n _j. Now (71 Si, . . . ,7 n ,_iS n _i) is a r n „i-contraction implies 

||p(7iSi,... 

l)ll < \\P\\ 

oo,l n _i 
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which is equivalent to ||p||^ 0i r n _ :L - p(7iSi, • • . ,^ n -iS n -i)*p(7iSi, . . . ,7 n _i5 n _i) is positive. Ap- 
plying Gelfand transform we have 

lbllSo,r^i " P(7iSi(z), . . . ,7n-i5„_i(«))*p(7i5i(«), • • • ,7n-i5„_i(2)) > 

for 2 in <t(Si, . . . , £ n ). This shows (71S1, . . . , 7 n _is n _i) is in the polynomially convex hull of T n _i. 
Since T ra _i is polynomially convex, (71 si, . . . , 7 n _is n _i) is in T n _i. Therefore by Theorem 12.41 
(si, . . . , s n ) is in the distinguished boundary of T n and hence <r(5i, . . . , S n ) C &r n . This proves (ii) 
implies (i). □ 

It is not a priori clear whether unitarity of S n would imply that (Si, . . . , S n ) to be T n -unitary 
However, the following is true. 

Lemma 3.3. Let T = (T\, . . . ,T n ) be a tuple of commuting contractions on a Hilbert space ! M. If 
s n (T)(= 117=1^) a unitary, then s(T) is a T n -unitary. 

Proof. Note that each of the Tj, i = 1, . . . , n is invertible as they are commuting with each other 
and their product is unitary. Since each Tj is a contraction, we have [|3^ |] > 1. First we show 
that H?^ -1 !! = 1 for all i = 1, . . . , n. If not, then for some k in {1, ... ,n} we have 1 1 ^Z~^~ 1 1 1 > 1. So, 
there exist a y in "K such that 1 1 2~^T 1 2/ 1 1 > Let ([If^T^y = x. Thus 

ii, / Tr iM > ll s n(T)~ 1 x|| _ WT^yW \\y\\ 

pn[ ) 11 " IN ~ \\y\\ Iiai^ fc r0vll > 1 

is a contradiction as by hypothesis s n (T) _1 is also a unitary. Next we show that each Tj is 
isometry, that is, T*Ti = I,i = l,...,n. Suppose for some £ in {l,...,n}, TjfTi ^ I. There 
exists nonzero y in !K such that (I — T^Ti)y 7^ 0. Since T is a contraction, ||y|| 2 — ||T^y|| 2 = 

{(I-T$Ti)y,y) = - T%T^y\\ 2 > 0. But this shows, HT^H > 1 which is a contradiction. Thus 
T*Ti = I, i = 1, . . . , n. Applying the same trick to T* = (T*, . . . , T*), we see that each Tj is a 
unitary. Hence by part (hi) of the Theorem above, s(T) is a r n -unitary. □ 

The following Lemma will be useful in characterizing pure r n -isometry. 

Lemma 3.4. Let $1, . . . , 3> n be functions in L°°L(£,) and M$ i , i = 1... ,n, denotes the corre- 
sponding multiplication operator on T 2 (£). Then (-M$ x , . . . , M$ n ) is a T n contraction if and only 
if (&i(z), . . . , $ n (z)) is a T n contraction for all z in T. 

Proof. Note that for ||M*|| = Halloo for * € T°°£(£). By definition, (M $1 , . . . , M # J is a T n 
contraction if and only if 

(3-1) |b(M $1 ,...,M.O|| < 

for all polynomials p G C[z±, . . . , z n ]. Since p(M$ 1 , . . . , M$ n ) = M p r$ ... i $ n ) and ||M$ || = H^Hoo := 
sup^ eT for ^ € L°°L(E), we have (|3.1|) is true if and only if 

\\p(<S> 1 (z),...,$ n (z))\\<\\p\\ 00t r n , 

which completes the proof. □ 

Remark 3.5. An interesting case in the Lemma above, is when dim £ = 1. In this case, the n-tuple 
( < &i(z), . . . , & n (z)) is a r n -contraction means that ($i(z), . . . , $ n (z)) is in T n which is true as T n 
is polynomially convex. 
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Theorem 3.6. Let Si, i = 1, . . . ,n, be commuting operators on a Hilbert space "K. Then (Si, . . . , S n ) 
is a pure T n -isometry if and only if there exist a separable Hilbert space £ and a unitary operator 
U : !K — > H 2 (t) and functions 3>i, . . . , in H co L(S.) and operators Aj G £(£) i = 1, • • • , n — 1 

such that 

(i) S t = U*M 9i U, i = 1, . . . ,n - 1, S n = U*M Z U; 

(ii) (7i<J>i(z), . . . , 7 n _i$ n _i(z)) is a r„_i- contraction for all z in T, where ji = for i = 
l,...,n-l; 

(iii) = Ai + A* n _ iZ for 1 < i < n - 1; 

(iv) [Ai, A,-] = and [AuA*^] = [Aj, A*^} for 1 < i, j < n - 1, where [P, Q] = PQ - QP for 
two operators P, Q. 

Proof. Suppose (Si, . . . , S n ) is a pure r n -isonietry. By definition, there exist a Hilbert space JC 
and a T n -unitary (Si, . . . , S n ) such that "K C % is a common invariant subspace of Si's and S{ = 
Si|jf, i = 1, . . . , n. From Theorem 13.21 it follows that S*S n = I and S*Sj = S*_j, 1 < i, j < n — 1. 
By compression of Si to IK, we have 

S*S n = I and S*Sj = S*_j, 1 < i < n — 1. 

Since S n is a pure isometry and "K is separable, there exist a unitary operator U : IK — > H 2 (&), for 
some separable Hilbert space £, such that S n = U*M Z U, where M z is the shift operator on H 2 (£). 
Since Si's commute with S n , there exist <3>i G H°°L(S.) such that Sj = U*M$ t U for 1 < i < n — 1. 
As (Si, . . . , S n ) is a r n -contraction, from Lemma [2 .81 and Lemma [3.41 part (ii) follows. The relations 
S*S, = S;_, yield 

Af*Af*. = M| n _., 1 < i < n - 1. 
Let $(z) = En>oCn2 n , = En>o D nZ n be in H°°L(E). Then Af 2 M# = M£ implies 

c * + Ci + £ Cn*" -1 = £ * + + E 

n>2 n>2 

for all z G T and by comparing coefficients, we get 

C = D{ and C 1 = D* (j . 

This gives that each $>i(z) is of the form Ai + B^z for some Ai,B{ G £(£), where Aj = B* n _ { for 
1 < i < n — 1, which is part (iii). Now since Si's commutes, we have M$ i M$ j . = M$ j M$ i and 
consequently 

(Ai + Al_ % z)(Aj + A* n _ jZ ) = (Aj + A* n _ J z)(A l + A^z) 

for 1 < i,j < n — 1 and for all z G T. Comparing the constant term and the coefficients of z, we 
get part (iv). 

Conversely, suppose (Si,...,S n ) be the n-tuple satisfying conditions (i) to (iv). Consider the 
n-tuple (M$j , . . . , M$ n l , M z ) of multiplication operators on L 2 (£) with symbols <3?i, . . . , $ n -i ; z 
respectively. From condition (iv), it follows that M^'s commutes with each other. Part of con- 
dition (iii) shows that M z M$ i = M$ . by repeating calculations similar to above. Thus, it is 
easy to see from part (ii) of Theorem 13.21 that (M$ 1; . . . , M$ n _ x , M z ) is a r n -unitary and so is 
(f/*M$ 1 C7, . . . ,U*M$ n _ 1 U,U*M z U). Now, Sj's, 1 < i < n, are the restrictions to the common 
invariant subspace H 2 (8,) of (M$ x , . . . , M$ n _ 1 , M z ) and hence (Si, . . . , S n ) is a. r^-isomctry. Since 
S n is a shift, (Si, . . . , S n ) is a pure r n -isometry. □ 
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Next, we obtain characterization for r n -isometry analogous to the Wold decomposition in terms 
of r n -unitaries and pure r n -isometries using Theorem 13.21 and Theorem 13.61 We prove this along 
the way of Agler and Young pQ and will use the following Lemma [U Lemma 2.5]. 



Lemma 3.7. Let U and V be a unitary and a pure isometry on Hilbert space "Ki,%2 respectively, 
and let T : "Hi — > ^2 be an operator such that TU = VT. Then T = 0. 



1, 



Theorem 3.8. Let S i: 

are equivalent: 

(i) (Si, . . . , S n ) is a T n -isometry; 

(ii) There exists a orthogonal decomposition "K 



,n, be commuting operators on a Hilbert space "K. The following 



"K\ © 3^2 into common reducing subspaces of 



Si s, 



I, 



,n such that (Siljti, . . . , SWIjCi) * s a F n -unitary and (5*i |jc 2 , • • • , S n \j{ 2 ) is a 



pure Y n -isometry; 
(iii) S^S n = /, S^Si = S* 
for i = 1, . . . , n — 1. 



and (71 Si, . . . , 7 n _iS' n _i) is a r n _i- contraction, where 7^ = 



Proof. Suppose (i) holds. By definition, there exists (Si, . . . , S n ) a r n -unitary on % containing "K 
such that "K is a invariant subspace of Si's and Sj's are restrictions of Sj's to "K. From Theorem [221 
it follows that Sj's are satisfying the relations: S*S n = /, S*Sj = S*_j and (71 Si, . . . , 7„_iS n _i) 
is a r n _i-contraction, where 7^ = for i = 1, ... ,n — 1. Compressing to the common invariant 
subspace !K and by part (1) of remark \2. 151 we obtain 



S*S n 



J Q* Q G* 

1 ) D n'- > i ~ &n 



n 



1. Thus (i) 



and (71 Si, . . . , 7 re _iS n _i) is a r„_i-contraction, where 7» = for i = 1, 
implies (iii). 

Suppose (iii) holds. By Wold decomposition, we may write S n = U © V on !K = !Ki © ^2 where 
J£i,'K2 are reducing subspaces for S n , U is unitary and V is pure isometry. Let us write 



Si 



■o(0 

<?(*) 
7 (0 



q(0 
°12 

°22 J 



with respect to this decomposition, where Sj fe is a bounded operator from "K^ to Jij. 

S n Si = SjS n , we have 



Since 



US$ 



us® 
ysgj 



s$u 
L s$u 



stlv 



s£V. 



1. 



,n 



Thus, sjHu 



VS21 and hence by Lemma [3771 S^' 







£/*S 



(0 
11 



It follows that S 



(0 
12 



0, i = l, 



U*S$ 
F*S§j 



V,(n-i)* 
'-'ll 



0, i 


Q<n-i)* 
D 22 



n 



Now S*Si 



S*_i gives 



,71 



1. So "Ki, 5^2 are common reducing subspace for S±, . . . ,S n . 



From the matrix equation above, we have C/*Sj; 1 ' 



c (n— i)* . 

, i 



1, . . . , n — 1. Thus by part (i) of 



it follows that (S}i\ . . . , 5}i J , £/) is a r n -unitary. 



the remark 12.151 and part (ii) of Theorem 

We now require to show that (S^ 
isometry "K is separable, we can identify it with the shift operator M z on the space of vector valued 
functions H 2 (E,), for some separable Hilbert space £. Since S^'s commute with V, there exists 



. . . , S22 1 , V) is a pure r n -isometry. Since V is a pure 
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€ i/°°£(£) such that S$ can be identified with M$ i for 1 < i < n — 1. As (Si, . . . , S* n ) is 

a r n -contraction, from Lemma [2.81 and Lemma [3.41 it follows that (71 S^n 7n- 1*9:22 ^) ls a 

r n _!-contraction, where 7j = for i = 1, . . . , n — 1. The relations V*S^l = yield 

M- z M^ t = Ml n _., 1 < z < n - 1. 

Calculations similar to the first part of the proof of Theorem 13.61 we get each ^(z) is of the form 

Ai + A* n-i z for some Aj's in £(£), i = 1, . . . , n — 1. Now since S22 's commutes, we have 

[A, A,-] = and [A, = [Aj,^^] for 1 < i, j < n - 1. 

Hence, by Theorem 13.61 (S±\% 2 , . . . ,S n \w 2 ) is a pure r n -isometry. Thus (hi) implies (ii). 

It is easy to see that (ii) implies (i). □ 

Corollary 3.9. Let Si, i = 1, . . . ,n, be commuting operators on a Hilbert space "K. (Si, . . . , S n ) is 
a V n -co-isometry if and only if 

q q* T Q Q* Q 

'~ > n>- > n — > ^ra^j — ^n—i 

and (7i(9*, . . . , 7 n _i»9*_ 1 ) is a T n -i- contraction, where ji = for i = 1, . . . , n — 1. 

4. Characterization of invariants subspaces for IVisometries 

This section is devoted to characterize the joint invariant subspaces of pure r n -isometries. Similar 
characterizations for pure r^-isometries appears in 

In the light of Theorem 13.61 we start with a characterization of pure r n -isometries in terms of 
the parameters associated with them. For simplicity of notation, let (M§,M Z ) denote the n-tuple 
of multiplication operators (M$ x , . . . , M$ n l , M z ) on H 2 (t), where <£j S H°°L(E),i = 1, . . . , n — 1. 
Throughout this section, we will be using the canonical identification of H 2 (£.) with H 2 ® £ by the 
map z n £ h- > z n ® £, where n € N U {0} and £ € £, whenever necessary. 

Theorem 4.1. Let §i(z) = Ai + A* n _ { z and $i(z) = Ai + A^z be in H°°L(£) for some Ai € £(£) 
and Ai € £(3~) respectively, i = 1,. . . , n — 1. TTien £/ie n-tuple (M$,M Z ) on H 2 (£) is unitarily 
equivalent to the n-tuple (M$,M Z ) on H 2 (3') if and only if the (n — 1) -tuples (A\, . . . ,A n -\) and 
(A\, . . . , A n -\) are unitarily equivalent. 

Proof. Suppose the n-tuple (M$, M z ) on H 2 (t) is unitarily equivalent to the n-tuple (M^,M Z ) on 
H 2 (3'). We can identify the map <E>j (similarly $j) by I H i ® Ai + M z ® A* l _ i . So, there exist a 
unitary U : H 2 ® £ -> H 2 ® 3" such that 

(4.1) U(I H 2 ®Ai + M z ® A* n _i)U* = I H 2 ® A + M 2 ® i = 1, . . . ,n - 1, 
and 

(4.2) U{M Z ® / £ )[/* = M 2 ® /y. 

From equation (|4.2p . it follows that there exists a unitary [/:£—>• £F such that [/ = Ijy2 ® J7. 
Consequently, the equation (|4.ip can be written as 

£UiC7* + C/i*_^C/*2; = Ai + A* n _i%, i = 1, . . . , n - 1, 

for all z € T. Hence comparing the coefficients, we obtain UAiU* = A4, i = 1, . . . ,n — 1 which 
completes the proof in forward direction. 

Conversely, suppose there exist a unitary U : £ — > $ that intertwines A and Ai, that is, 
UAiU* = Ai for each z = 1, . . . ,n - 1. Let U : H 2 ® £ ® J be the map defined by 
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U = Ijj2 (g) U. Clearly, U is a unitary and from the computations similar to above, it is easy to see 
that U intertwines M$ 4 with M|,. for each £ =, 1 . . . ,n — 1, and M z . This completes the proof. □ 

In the following corollary we express the above theorem in terms of pure r n -isometries. 

Corollary 4.2. Let (Si, . . . , S n ) and (Si, . . . , S n ) be a pair of pure T n -isometries. Then (Si, . . . , S n ) 
and (§i, . . . ,S n ) are unitarily equivalent if and only if the (n — 1) -tuples (<5*_ i — SiS 1 *)^ and 
(§n-i — Si§n)i=i are un ^ ar V equivalent. 

Proof. Let the pure r n -isometry (Si, . . . , S n ) is equivalent to (M$, M z ) where &i(z) = A± + A* n _ ti z 
be in H°°L(8,) for some A{ £ £(£), i = 1, . . . ,n — 1 satisfying conditions (ii) to (iv) in Theorem 
Clearly the (n - l)-tuple (S*_ { - 5 , i 5*)"T 1 1 is equivalent to (M% n _. - M^M^i - Note that 
with the canonical identification we have 

Ml n _.-M®.M- Z = (I H 2®A n _ i + M z ®A*)*-(I H 2®A i + M z (g)A* n _ i )(M z ®h) 
= (I H 2 - M Z M Z ) <g> A* n _i 
= P c ®K-i 

where Pc is the orthogonal projection from H 2 to the scalars in H 2 . Thus it follows for Theorem 
14.11 that unitary equivalence of the n-tuple (M&,M Z ) is determined by unitary equivalence of 
the (n — l)-tuple (M| _. — M^Mg)^ , the unitary equivalence of (Si, . . . , S n ) is determined by 

(Sn-i ~ SiSn)?=i- This completes the proof. □ 

Characterization of invariant subspaces of r n -isometries essentially boils down to that of pure 
r n -isometries due to Wold type decomposition in Theorem l3. 81 which is again same as characterizing 
invariant subspace for the associated model space obtained in Theorem 13.61 The following theorem 
discusses this issue. 

A closed subspace M ^ {0} of H 2 (£) is said to be (M&,M z )-invariant if M is invariant under 
M$ i and M z for all £ = 1, . . . , n — 1. 

Let M {0} be a closed subspace of -ff 2 (£*). It follows from Beurling-Lax-Halmos theorem 
that M is invariant under M z if and only if there exists a Hilbert space £ and an inner function 
q £ H ca L(E,, £*) (@ is an isometry almost everywhere on T) such that 

M = M e H 2 (£). 

Theorem 4.3. Let M ^ be a closed subspace of H 2 (Z*) and <frj,£ = 1, . . . ,n — 1 be in H°°L(£*) 
such that (M$,M Z ) is a pure T n -isometry on H 2 (E,*). Then M is a (M$, M z ) -invariant subspace 
if and only if there exist ^>i, £ = 1, . . . ,n — 1 in H°°L(8,) such that (M^,M Z ) is a pure T n -isometry 
on H 2 (E.) and 

= e^, £ = i,...,n- i, 

where € H°°L(£,, £*) is the Beurling-Lax-Halmos representation ofJA. 

Proof. We will prove only the forward direction as the other part is easy to see. Let M is invariant 
under (M&,M Z ). Thus, in particular, M is invariant under M z and hence the Beurling -Lax- 
Halmos represntation of M is QH 2 (E) where 0-ff°°£(£, £*) is an inner multiplier. We also have 
M $i 6iJ 2 (£) C QH 2 (8,) for each i = l,...,n-l. Thus, there exist l^'s, i = 1, . . . , n- 1 in #°°£(£) 
such that M^Me = Me-M^, that is, = Q^i, i = l,...,n — 1. Since $j's commute, we 
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have M®My i M^ j = M$.M&.Mq = M^M^.Mq = MeM^M*. and hence = i,j = 

1, . . . , n — 1. Furthermore, we have 

p(M Sl , . . . , M$ n „ 1 )M = M e p(M^ M^„_ 1 ) 

for all polynomials p € C[«i, . . . , 2 n _i]. Therefore, 

||p(7iM* 1 ,..., 7ri _iM*„_ 1 )|| < ||M^(7 1 M $1 ,...,7 n _ 1 M $n _ 1 )Af || < ||p||oo,r n _i, 

for all polynomials p £ C[z\, . . . , z n _i] and 7 j = — - for i = 1, . . . , n — 1. Using Theorem 13.61 we 
also note that 

M- z M^ i = M- z M^UM e = MqMzM^Mq = M^M^ Mq = Ml n _., i = 1, . . . , n - 1. 

From the observations made above and by Theorem 13.61 it follows that (M^,M Z ) is a pure T n - 
isometry on H 2 (8.) and this completes the proof. □ 
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